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1 Translation Operators and Relationships Between L? Spaces

1.1 Translation operators on L” spaces

Let m be Lebesgue measure on R?, and let t € R?. Let 7 : R — R? send v — v — 7. This
is translation by ¢, and Lebesgue measure is translation invariant.

Lemma 1.1. The map T; sending f — f o1 is an isometry LP(m) — LP(m) for all p.
However, the functions T; are not kernel operators.

Lemma 1.2. Let p < co. Let (t,), in R? be such that t, — 0. Then Ty, — Id on LP(m)
in the strong operator topology but not in || - ||op-

Proof. C.(R?) is dense in LP(m). Let f € LP. Suppose first that f € C.(RY). Pick R such
that f|pe = 0. Givene > 0, there exists § > 0 such that if [z —y[ <0 = [f(2)—f(y)| <e.
If |t,,| < 0, then

Tt = £l = [ Ve =ta) = @) dmiz)
- / (@ ta) — F(x)P dm(x)
Br+1

< e’m(Bpr+1)

tn—0
- 0.

Similarly, the map R? — L(LP(m), LP(m)) sending t + T} is continuous from R? to the
strong operator topology. For general f € LP(m), let € > 0. Choose g inC.(R%) such that
Ilf —gll, < e/3. Choose n large enough such that |1}, g — g, < £/3. Put together,

[Ten f = Fllp < N Te (f = DI+ 1Tng — gllp + 1f = gllp
<f =gl +11Ttng = gllp + 1F = gl
<e.



Now let’s show that this convergence does not occur in the norm topology. For any
t # 0, there exist f € C.(R? such that || f||, = 1 and f|B§/2 = 0. Then

ITef — fllp = 27| £»- O

1.2 Relationships between L” spaces

What is the relationship between LP spaces for different p?

Example 1.1. Look at ((0,00)),Bg,«),m). Let 1 < p < g < oco. Let fu(x) = 27¢ for
some choice of a > 0. Observe:

1. The function fo1(1) € L? iff p < 1/a.
2. The function fo1( oy € L7 iff p > 1/a.
So LP\ LY # @&, and L9\ LP # &.
Proposition 1.1. If0<p<qg<r < oo, then LI C LP + L".

Proof. Let f € L1. Write f = f]l{|f‘>1} + fﬂ{|f|§1}. Then

1Ll = / P du < / I du < / 1 dp = [ fllY < oo,
lfI>1} IfI>1}

The same holds for f1y <1y O

Proposition 1.2. If 0 < p < ¢ <1 < oo, then LP N L™ C L4, and ||fllq < |FIDIIfIF,
where 1/qg = X(1/p) + (1 — \)(1/r).

Proof. 1t suffices to prove the inequality.

[is10au= [ 1spais-vea,

Use Hélder’s inequality, where 1/s 4+ 1/t = 1. We will pick the values of s, t later to make

sure they work out.
1/s 1/t
< (frreea) ([ i an)

Pick s = p/(Aq) to make things work out as stated in the theorem.
< IR 0

There is, however, a case where the tails of functions do not count.



Lemma 1.3. If u(X) < o0 and 0 < p < g < oo, then LP O L9. In particular || f||, <
1 llq(X) P40

Proof. Let f € L1. Then, by Holder’s inequality,

191 = [ V7L die < o ((0) 71, -

Lemma 1.4. Let A be any set. Let (P(A) = LP(A, P(A),#). Then (P C (1.

Proof. If ¢ = oo, then

1/p
sup ()| = (sup | ()") " < (Z !f(a)\”) = £l

If p < ¢ < o0, then by the previous lemma,
A -2 A1-2
1l < NFIIANSS Y < A1 = 1 £ [lp- H

1.3 Distribution functions

Fix (X, M, ), and let f: X — C be measurable.
Definition 1.1. The distribution function of f, A\; : (0,00) — [0, 00], is
Ar(e) = u({If] > a}).
Proposition 1.3. Let Ay be the distribution function of f.
1. Ay is non-increasing and right-continuous.
2. If | f| < |gl, then Ay < Ag.

S If | ful T1fI, then Ag, (o) T Ap(c).
4. If f =g+ h, then X\f(a) < Ag(a/2) + Ap(a/2).
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